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Quantum transport in three-dimensional Weyl (massless Dirac) electron system with long-range
Gaussian impurities is studied theoretically using a self-consistent Born approximation (SCBA). We
find that the conductivity significantly changes its behavior at a certain critical disorder strength
which separates the weak and strong disorder regimes. In the weak disorder regime, the SCBA
conductivity mostly agrees with the Boltzmann conductivity, except for the Weyl point (the band
touching point) at which the SCBA conductivity exhibits a sharp dip. In the strong disorder regime,
the Boltzmann theory fails in all the energy region and the conductivity becomes larger in increasing
the disorder potential, contrary to the usual metallic behavior. At the Weyl point, the conductivity
and the density of states are exponentially small in the weak disorder regime, and they abruptly rise
at the critical disorder strength. The qualitative behavior near the zero energy is well described by
an approximate analytic solution of the SCBA equation. The theory applies to three dimensional
gapless band structures including Weyl semimetals.
I. INTRODUCTION
In recent condensed matter physics, enormous atten-
tion has been focused on gapless electronic systems where
the conduction band and valence bands touch at some
isolated points in the wave space. There the electronic
band structure is described by the Weyl equation (the
massless Dirac equation), which leads to unusual physical
properties not observed in conventional metals and semi-
conductors. The two-dimensional (2D) version of Weyl
electron has been extensively investigated in graphene1–4,
some organic compounds,5 and the surface states in topo-
logical insulators.6 For three dimensions (3D), there are
a number of theoretical proposals for bulk materials with
a gapless band structure7–16 including Weyl semimetals.
In this paper, we study the electronic transport in non-
interacting 3D Weyl electron in the presence of disorder
potential. In the gapless spectrum, generally, it is a non-
trivial task to determine the conductivity near the Weyl
point (band touching point), where the Boltzmann trans-
port theory fails and we need to appropriately incorpo-
rate the finite level broadening effect. For 2D Weyl elec-
tron, the transport problem was closely studied, and the
conductivity at the Weyl point was found to be of the or-
der of e2/h independently of the disorder strength.17–23
The disorder effect on 3D Weyl electron was studied in
several theoretical works.23–30
Here we calculate the DC conductivity of 3DWeyl elec-
tron using a self-consistent Born approximation (SCBA),
which is one of the theoretical methods to properly treat
the finite level broadening, and investigate the depen-
dence of the conductivity on the Fermi energy and the
disorder strength. In 3D Weyl electron, a short-range
disorder potential leads to a practical difficulty in which
the self-energy diverges linearly to the cut-off energy. To
avoid this, we assume long-ranged Gaussian impurities
and achieve the self-consistency, and also study the de-
pendence of the conductivity on the characteristic length
scale of the impurity potential.
We show that the scattering strength is characterized
by a dimensionless parameter W depending on the scat-
tering amplitude and the impurity length scale, and we
find that there is a certain critical disorder strength Wc
separating the weak and strong disorder regimes. In the
weak disorder regime (W < Wc), the SCBA conductiv-
ity mostly agrees with the Boltzmann conductivity ex-
cept at the Weyl point, where the conductivity exhibits
a sharp dip. In the strong disorder regime (W > Wc),
the Boltzmann theory fails in all the energy region and
the conductivity becomes larger in increasing the disor-
der potential, contrary to the usual metallic behavior. At
the Weyl point, the conductivity and the density of states
are exponentially small in the weak disorder regime, and
they abruptly rise at W = Wc. We also show that the
qualitative behavior near the Weyl point is described by
an approximate analytical solution of the SCBA equa-
tion, where the decay of the impurity matrix element in
a large wave number is approximated by a wave space
cut-off.
The paper is organized as follows. In Sec. II, we intro-
duce the model Hamiltonian, and present the formalism
to calculate the Boltzmann conductivity and the SCBA
conductivity. In Sec. III, we derive an approximate solu-
tion of SCBA equation near zero energy, and In Sec. IV,
we present the numerical results for the SCBA equation,
and closely argue the behavior of the conductivity and
the density of states. A brief summary and discussion
are given in Sec. V.
II. FORMULATION
A. Hamiltonian
We consider a three-dimensional, single-node Weyl
electron system described by a Hamiltonian,
H = ~vσ · k +
∑
j
U(r − rj), (1)
2where σ = (σx, σy, σz) is the Pauli matrices, k is a wave
vector, v is a constant velocity. The second term is the
disorder potential, where rj is the positions of randomly
distributed scatterers. For each single scatterers, we as-
sume a long-ranged Gaussian potential,
U(r) =
±u0
(
√
pid0)3
exp
(
− r
2
d20
)
, (2)
where d0 is the characteristic length scale, and scat-
terers of ±u0 are randomly distributed with equal
probability. This is Fourier transformed as U(r) =∫
dqu(q)eiq·r/(2pi)3 where
u(q) = ±u0 exp
(
−q
2
q20
)
, (3)
and q0 = 2/d0. We introduce an energy scale associated
with the potential length scale,
ε0 = ~vq0. (4)
and define a dimensionless parameter characterizing the
scattering strength,
W =
1
4pi
niu
2
0q0
~2v2
, (5)
where ni is the number of scatterers per unit volume.
B. Boltzmann transport theory
The Boltzmann transport equation for the distribution
function fsk is given by
−eE · vsk ∂fsk
∂εsk
=
∑
s′
∫
dk′
(2pi)3
(fs′k′ − fsk)Ws′k′,sk,
(6)
where s = ±1 is a label for conduction and valence bands,
and Ws′k′,sk is the scattering probability,
Ws′k′,sk =
2pi
~
ni|〈s′k′|U |sk〉|2δ(εs′k′ − εsk). (7)
The conductivity is obtained by solving Eq. (6). As usual
manner, the transport relaxation time τtr is defined by
1
τtr(εsk)
=
∫
dk′
(2pi)3
(1 − cos θkk′)Wsk′,sk, (8)
where θkk′ is the angle between k and k
′. For the
isotropic scatterers, i.e., u(q) depending only on q = |q|,
it is straightforward to show that τtr(εsk) solely depends
on the energy ε and written as26
1
τtr(ε)
=
pi
~
niD0(ε)
∫ 1
−1
d(cos θ)u2[2k sin(θ/2)]
× (1 − cos θ)1 + cos θ
2
, (9)
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FIG. 1: Boltzmann conductivity [Eq. (12)] plotted as a func-
tion of the Fermi energy.
where k = ε/(~v) and D0(ε) is the density of states in
the ideal Weyl electron,
D0(ε) =
ε2
2pi2(~v)3
. (10)
The conductivity at T = 0 is written as
σB(ε) = e
2 v
2
3
D0(ε)τtr(ε), (11)
For the Gaussian scatter, Eq. (2), the relaxation time
and conductivity are explicitly written as
τtr(ε) =
~
2ε0W
h
(
ε
ε0
)
,
σB(ε) =
1
12pi2
e2q0
~
1
W
(
ε
ε0
)2
h
(
ε
ε0
)
, (12)
where
h(x) =
64x4
4x2 − 1 + (4x2 + 1) exp(−8x2) . (13)
In particular, the conductivity at the Weyl point is
σB(0) =
1
8pi2
e2q0
~
1
W
=
1
2pi
e2v2~
niu20
, (14)
which is independent of q0.
26,27 Fig. 1 shows the Boltz-
mann conductivity Eq. (12) as a function of the Fermi
energy.
3C. Self-consistent Born approximation
We introduce the self-consistent Born approximation
(SCBA) for 3D Weyl electron in a similar manner to the
2D version in Ref.22. The following formulation does not
depend on the specific form of the single impurity po-
tential U(r), as long as it is isotropic. We define the
averaged Green’s function as
Gˆ(k, ε) =
〈
1
ε−H
〉
=
1
ε− ~vσ · k − Σˆ(k, ε) , (15)
where 〈· · · 〉 represents the average over the configuration
of the impurity position. Σˆ(k, ε) is the self-energy ma-
trix, which is approximated in SCBA as
Σˆ(k, ε) =
∫
dk′
(2pi)3
ni|u(k − k′)|2Gˆ(k′, ε). (16)
Eqs. (15) and (16) are a set of equations to be solved self-
consistently. From the symmetry of the present system,
the self-energy matrix can be expressed as
Σˆ(k, ε) = Σ1(k, ε) + Σ2(k, ε)(σ · n), (17)
where k = |k| and n = k/k. By defining X(k, ε) and
Y (k, ε) as
X(k, ε) = ε− Σ1(k, ε), (18)
Y (k, ε) = ~vk +Σ2(k, ε), (19)
Eqs. (15) and (16) are written as
Gˆ(k, ε) =
1
X(k, ε)− Y (k, ε)(σ · n) , (20)
and
Σˆ(k, ε) =
∫
dk′
(2pi)3
ni|u(k − k′)|2X
′ + Y ′(σ · n′)
X ′2 − Y ′2 (21)
where X ′ = X(k′, ε), Y ′ = Y (k′, ε), and n′ = k′/k′.
Now, we divide n′ as
n′ = n′‖ + n
′
⊥. (22)
where n′‖ = (n · n′)n is the component of parallel to n,
and n′⊥ is the perpendicular part. Then Eq. (21) becomes
Σˆ(k, ε) =
∫
dk′
(2pi)3
ni|u(k − k′)|2 X
′
X ′2 − Y ′2
+
∫
dk′
(2pi)3
ni|u(k − k′)|2 Y
′
X ′2 − Y ′2 (σ · n
′
‖)
+
∫
dk′
(2pi)3
ni|u(k − k′)|2 Y
′
X ′2 − Y ′2 (σ · n
′
⊥).
(23)
The third term vanishes after the integration over the k′
direction, giving
Σˆ(k, ε) =
∫ ∞
0
k′2dk′
(2pi)3
niV
2
0 (k, k
′)
X ′
X ′2 − Y ′2
+(σ · n)
∫ ∞
0
k′
2
dk′
(2pi)3
niV
2
1 (k, k
′)
Y ′
X ′2 − Y ′2 , (24)
where
V 2n (k, k
′) = 2pi
∫ 1
−1
d(cos θkk′)|u(k − k′)|2 cosn θkk′ .
(25)
Eq. (24) immediately leads to the self-consistent equa-
tion,
X(k, ε) = ε−
∫ ∞
0
k′
2
dk′
(2pi)3
niV
2
0 (k, k
′)
X ′
X ′2 − Y ′2 ,
Y (k, ε) = ~vk +
∫ ∞
0
k′
2
dk′
(2pi)3
niV
2
1 (k, k
′)
Y ′
X ′2 − Y ′2 ,
(26)
which are to be solved numerically. From the obtained
Green’s function, the density of states per unit area is
calculated as
D(ε) = − 1
pi
Im
∫
dk
(2pi)3
Tr[Gˆ(k, ε+ i0)]. (27)
The Kubo formula for the conductivity is given by
σ(ε) = −~e
2v2
4pi
∑
s,s′=±1
ss′
∫
dk′
(2pi)3
Tr
[
σxGˆ(k
′, ε+ is0)
× Jˆx(k′, ε+ is0, ε+ is′0)Gˆ(k′, ε+ is′0)
]
, (28)
where Jˆx is current vertex-part satisfying the Bethe-
Salpeter equation
Jˆx(k, ε, ε
′) = σx+
∫
dk′
(2pi)3
ni|u(k − k′)|2Gˆ(k′, ε)
× Jˆx(k′, ε, ε′)Gˆ(k′, ε′). (29)
To calculate this, we consider an integral
I(k) =
∫
dk′
(2pi)3
|u(k − k′)|2F (k′)(σ · n′)σx(σ · n′),
(30)
where F (k) is an arbitrary function. After some algebra,
we have
I(k) =σx
∫
k′
2
dk′
(2pi)3
F (k′)
(
−1
2
V 20 (k, k
′) +
1
2
V 22 (k, k
′)
)
+ (σ · n)σx(σ · n)
∫
k′
2
dk′
(2pi)3
F (k′)
×
(
−1
2
V 20 (k, k
′) +
3
2
V 22 (k, k
′)
)
. (31)
4In a similar way as for the self-energy, we obtain∫
dk′
(2pi)3
|u(k − k′)|2F (k′)(σ · n′)σx
= (σ · n)σx
∫
k′
2
dk′
(2pi)3
F (k′)V 21 (k, k
′),∫
dk′
(2pi)3
|u(k − k′)|2F (k′)σx(σ · n′)
= σx(σ · n)
∫
k′
2
dk′
(2pi)3
F (k′)V 21 (k, k
′). (32)
Using these, the vertex part Jˆ is written as
Jˆx(k, ε, ε
′) = σxJ0(k, ε, ε
′) + (σ · n)σx(σ · n)J1(k, ε, ε′)
+(σ · n)σxJ2(k, ε, ε′) + σx(σ · n)J3(k, ε, ε′),
(33)
and the Bethe-Salpeter equation becomes


J0
J1
J2
J3

 =


1
0
0
0

+ ∫ ∞
0
k′
2
dk′
(2pi)3
ni
(X2 − Y 2)(X ′2 − Y ′2)
×


V 20 −(V 20 − V 22 )/2 0 0
0 −(V 20 − 3V 22 )/2 0 0
0 0 V 21 0
0 0 0 V 21


×


XX ′ Y Y ′ Y X ′ XY ′
Y Y ′ XX ′ XY ′ Y X ′
Y X ′ XY ′ XX ′ Y Y ′
XY ′ Y X ′ Y Y ′ XX ′




J ′0
J ′1
J ′2
J ′3

 ,
(34)
where X = X(k′, ε), X ′ = X(k′, ε′), J0 = J0(k, ε, ε
′),
J ′0 = J0(k
′, ε, ε′), etc. Finally, the conductivity is written
as
σ(ε) =
4~e2v2
3
∫ ∞
0
k2dk
(2pi)3
×Re
[
1
|X2 − Y 2|2
×
{
(3|X |2 − |Y |2)J+−0 + (3|Y |2 − |X |2)J+−1
+ (3Y X∗ −XY ∗)J+−2 + (3XY ∗ − Y X∗)J+−3
}
− 1
(X2 − Y 2)2
×
{
(3X2 − Y 2)J++0 + (3Y 2 −X2)J++1
+ 2XY J++2 + 2XY J
++
3
}]
, (35)
where X = X(k, ε + i0), Jss
′
0 = J0(k, ε + is0, ε + is
′0),
etc.
The SCBA is a valid approximation when the disorder
scattering is relatively weak so that kF l ≫ 1, where kF
is the Fermi wave length, and l = vF τ is the mean free
path given by the Fermi velocity vF and the relaxation
time τ . In the 3D Weyl electron, vF is the constant band
velocity v, and in the case of Gaussian impurities, τ is
roughly estimated by τtr in the Boltzmann theory, Eq.
(12). The condition then becomes
1
2
(
ε
ε0
)
h
(
ε
ε0
)
≫W. (36)
Near zero energy ε ≪ ε0, in particular, h(ε/ε0) is ap-
proximated by (3/2)(ε/ε0)
−2 and the condition reduces
to (4/3)ε/ε0 ≪ 1/W , i.e., the approximation is better
for smaller energy. In higher energy region ε > ε0, the
function h(ε/ε0) approximates 16(ε/ε0)
2, and the condi-
tion becomes 8(ε/ε0)
3 ≫ W , i.e., the approximation is
valid also in the higher energy region.
III. APPROXIMATE ANALYTICAL SOLUTION
NEAR ZERO ENERGY
Near ε = 0, we can derive an approximate analytical
solution of the SCBA equation in the previous section, as
long as the level broadening Γ(ε) is much smaller than ε0.
There we replace u(q) with the constant u0 (i.e., short-
ranged impurity), but, instead, introduce a cutoff kc ∼ q0
in the k-space integral to simulate the exponential decay
of u(q) in a large q. The approximation is rather crude,
while it effectively explains the qualitative behavior pe-
culiar to the 3D Weyl electron as shown in the following
section.
In this simplified system (short-range impurities with
cutoff), the self-energy equation Eq. (16) is approxi-
mately solved in ε≪ εc and Γ≪ εc as
Σˆ(k, ε) ≈ (1− α)ε− iΓ(ε), (37)
where
Γ(ε) =
ΓW
2
+
√(
ΓW
2
)2
+ α2ε2,
α =
(
1− W
Wc
)−1
,
ΓW = ε0
(
1
Wc
− 1
W
)
, (38)
and
Wc =
pi
2
ε0
εc
, (39)
where εc = ~vkc is the cut-off energy. The density of
states is then written in terms of Γ(ε) as
D(ε) =
ε0
2pi2(~v)3
Γ(ε)
W
. (40)
5At ε = 0, in particular, Γ(ε) becomes
Γ(0) =
{
0 (W < Wc)
ΓW (W > Wc)
, (41)
i.e., the self-energy, and thus the density of states, be-
come zero in the weak disorder regime W < Wc, and
abruptly rise in the strong disorder regime W > Wc.
The vanishing Γ(0) at a finite W is peculiar to three di-
mensions, and it is intuitively understood as follows. By
assuming a solution of the form Eq. (37), the first equa-
tion in Eq. (26) can be written at ε = 0 as
Γ =
niu
2
0
2pi2
∫ kc
0
k2dk
Γ
(~vk)2 + Γ2
, (42)
which is to be solved for Γ. For a non-zero Γ, it becomes
1 =
niu
2
0
2pi2
∫ kc
0
k2dk
1
(~vk)2 + Γ2
. (43)
When the right-hand side of Eq. (43) is viewed as a func-
tion of Γ, it has an upper bound niu
2
0kc/(2pi
2
~
2v2), which
is achieved at Γ = 0. When the scattering strength is so
small that niu
2
0kc/(2pi
2
~
2v2) is smaller than 1, Eq. (43)
has no solution, and we are left only with a trivial solu-
tion Γ = 0 in Eq. (42). This critical condition exactly
corresponds to W < Wc. In contrast, the self-consistent
equation in 2D always has a non-zero solution for any
scattering strength,18 because in Eq. (43), k2dk is re-
placed with kdk, and then the right-hand side logarith-
mically diverges in Γ→ 0, giving no upper bound.
In a similar manner, the Bethe-Salpeter equation Eq.
(34) is approximately solved as


J0
J1
J2
J3

 ≈


J
0
0
0

 , (44)
where
J =
[
1 +
1
3
W
Wc
]−1
. (45)
The conductivity is obtained as
σ(ε) =
J
12pi2
e2
~
1
~v
3Γ(ε)2 + α2ε2
Γ(ε)
. (46)
When Γ(0) is non-zero, the conductivity at ε = 0 can
be simply obtained by replacing Γ(ε) with Γ(0) as
σ(0) =
J
4pi2
e2
~
Γ(0)
~v
. (47)
In the strong disorder regime W > Wc, this gives
σ(0) =
J
12pi2
e2q0
~
× 3
(
1
Wc
− 1
W
)
(W > Wc). (48)
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FIG. 2: (Solid) Density of states at zero energy calculated by
the SCBA. (Dotted-dashed) Approximate expression Eq. (40)
with Eq. (38), where εc/ε0 is taken as 0.87. Inset shows the
density of states near Wc ≈ 1.806 in a smaller scale.
In the weak disorder regime W < Wc, Eq. (47) is no
longer valid since Γ(0) = 0, and then we need to take a
limit ε→ 0 to consider σ(0). We expand Γ(ε) in Eq. (38)
as
Γ(ε) ≈ α
2ε2
|ΓW | (W < Wc), (49)
and obtain
lim
ε→0
σ(ε) =
J
12pi2
e2q0
~
×
(
1
W
− 1
Wc
)
(W < Wc).
(50)
From Eqs. (48) and (50), we see that the Weyl-point
conductivity σ(0) vanishes at W = Wc, and it increases
as W goes away from Wc in either direction.
In the vicinity of the critical pointW = Wc, α becomes
large and Γ(ε) and σ(ε) approximate linear functions,
Γ(ε) ≈ |αε|
σ(ε) ≈ 1
4pi2
e2
~
|αε|
~v
(W ≈Wc), (51)
of which gradient diverges at W =Wc.
IV. NUMERICAL RESULTS
We solve the SCBA equations Eq. (26) and (34) by nu-
merical iteration and calculate the density of states and
the conductivity. Fig. 2 shows the density of states at
ε = 0 as a function of W . The behavior is qualitatively
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FIG. 3: Density of states (a,c) and the conductivity (b,d) calculated by the SCBA, as a function of the Fermi energy. The
panels (c) and (d) show the detailed plots near ε = 0 of (a) and (b), respectively. The dotted-dashed line in Fig. 3(c) and (d)
represent the approximate SCBA solution, Eq. (40) and Eq. (46), respectively.
similar to the approximate analysis in the previous sec-
tion. There is a critical disorder strength Wc ≈ 1.806,
and the density of states rapidly increases once W enters
the strong disorder regime W > Wc. The dotted-dashed
line in Fig. 2 shows the approximate SCBA solution of
Eq. (40) at ε = 0, where εc/ε0 is taken as ≈ 0.87 to fitWc
to the numerically obtained value. It nicely reproduces
the increase in W > Wc, though the approximation fails
in larger W because the assumption Γ ≪ εc in deriving
Eq. (38) becomes no longer valid as Γ increases. Actually,
the density of states in the weak disorder regimeW < Wc
does not completely vanish in the numerics unlike the an-
alytic approximation, but an exponentially small value
remains as shown in the inset in Fig. 2. The rapid in-
crease inW < Wc is roughly expressed by ∝ 1/(Wc−W ).
As we will argue later, this small residue leads to a signif-
icant difference in the zero-energy conductivity between
the numerical calculation and the analytic approxima-
tion.
Figs. 3 (a) and (b) show the density of states and the
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FIG. 4: SCBA conductivity and the Boltzmann conductivity
[Eq. (12)] at several W ’s plotted for (a) wide and (b) narrow
energy regions.
conductivity as a function of the Fermi energy, respec-
tively, which are numerically calculated by the SCBA.
Figs. 3 (c) and (d) are the detailed plots around zero en-
ergy for Figs. 3 (a) and (b), respectively. We see that the
density of states is enhanced in all the energy region with
the increase of the scattering strength W . In the weak
disorder regime W < Wc, it approximates a quadratic
curve in the vicinity of ε = 0, and it nearly sticks to
zero at the origin. At the critical point Wc, the curve
exhibits a wedge-like shape, and in the strong disorder
regime W > Wc, the bottom of the curve departs from
zero as already argued. The dotted-dashed line in Fig.
3(c) represents the approximate SCBA solution near zero
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FIG. 5: (a) SCBA conductivity (solid) and the Boltzmann
conductivity (dashed) as a function of 1/W , for some fixed
Fermi energies. (b) A similar plot for small Fermi energies,
ε = 0 and 0.001ε0. Dotted-dashed line represents the approx-
imate SCBA solution, Eqs. (48) and (50) at ε = 0.
energy, Eq. (40). It reproduces the qualitative behavior
of the numerical curve. At W = 1.8, slightly away from
the critical point Wc ≈ 1.806, the density of states is ap-
proximated by a linear function in accordance with Eq.
(51).
The conductivity exhibits significantly different behav-
iors between the weak and strong disorder regimes. In
Fig. 4, we compare the SCBA conductivity and the Boltz-
mann conductivity Eq. (12) at several W ’s in (a) wide
and (b) narrow energy regions. We see that the SCBA
8agrees well with the Boltzmann conductivity in smallW ,
while the discrepancy becomes significant asW increases.
The Boltzmann theory works well when the condition
that the self-energy is much smaller than the Fermi en-
ergy, so that the theory naturally stands in the weak
disorder regime. In the strong disorder regime W > Wc,
the Boltzmann approximation fails and the SCBA con-
ductivity is enhanced in increasingW as observed in Figs.
3 (b) and (d), contrary to the usual metallic behavior.
When W is too strong to violate the condition Eq. (36),
the SCBA is no longer valid and the correction from the
quantum interference effect would be important.
In the weak disorder regime W < Wc, we notice that
the conductivity σ(ε) exhibits a sharp dip at the zero en-
ergy, as shown in Fig. 3(d) in a greater scale. The dotted-
dashed line in Fig. 3(d) indicates the approximate SCBA
solution near zero energy, Eq. (46), with εc/ε0 = 0.87
(the same value used in the DOS plot). We see that the
analytic approximation fails to describe the zero-energy
dip observed in the numerics, while, in the flat region out-
side the dip, the approximation qualitatively reproduces
the W -dependence of the numerical conductivity.
The conductivity dip actually originates from an ex-
ponentially small self-energy remaining at ε = 0, which
is missing in the analytic approximation. Indeed, the en-
tire curve including the dip is qualitatively reproduced
by Eq. (46), when Γ(ε) of Eq. (49) is modified by
Γ(ε) ≈ Γnum + α
2ε2
|ΓW | (W < Wc), (52)
where Γnum is the small residue of the selfenergy at ε = 0
in the numerical calculation. The conductivity σ(0) is
then given by Eq. (47), and thus is exponentially small.
In increasing the Fermi energy ε, Γnum becomes less im-
portant in Eq. (52), and the conductivity gradually ap-
proaches the original analytic expression Eq. (50). The
energy width of the dip is roughly estimated by the con-
dition α2ε2/|ΓW | ∼ Γnum.
In Fig. 5(a), the SCBA conductivity (solid) and the
Boltzmann conductivity (dashed) at fixed Fermi energies
are plotted as a function of 1/W (not W ). In the weak
disorder regime (W < Wc), the SCBA conductivity is
proportional to 1/W , and it coincides nicely with the
Boltzmann conductivity Eq. (12) except for a constant
shift. In increasing the disorder (i.e., decreasing 1/W ),
on the other hand, the SCBA conductivity reaches a min-
imum at a certain point, and it turns to increase nearly
in proportional to W . The scattering strength for the
turning point is of the order of Wc, and moves toward
larger W (i.e., smaller 1/W ) for larger Fermi energy.
Fig. 5(b) presents a similar plot at zero energy, where
the approximate SCBA solution, Eqs. (48) and (50),
is plotted as a dotted-dashed line. We also show the
numerical SCBA conductivity at ε = 0.001ε0, slightly
away from the Weyl point. In the weak disorder regime
(W < Wc), the SCBA conductivity is very sensitive to
ε as expected from the sharp dip structure in Fig. 3(d).
The energies ε = 0 and ε = 0.001ε0 correspond to the
bottom of the dip and the flat region outside the dip, re-
spectively. The conductivity in W < Wc is exponentially
small at ε = 0 as already argued, while at ε = 0.001ε0 it
linearly rises approximately in accordance with the ana-
lytical expression Eq. (50). In the strong disorder regime
(W > Wc), the SCBA conductivity is almost identical
between the two different energies, and goes up nearly in
accordance with Eq. (48).
In 3D Weyl electron, the Weyl-point conductivity is
highly W -dependent since Eq. (47) is proportional to
Γ(0), and it abruptly rises whenW exceedsWc just in the
same way as the density of states. This is in a sharp con-
trast to the 2D case, where the Weyl-point conductivity
becomes nearly universal value of the order of e2/h.17–23
The 3D Weyl system does not have such a universal con-
ductivity, because the conductivity in 3D has a dimension
of e2/h times the inverse of the length scale, and this is
given by Γ(0)/(~v) in the present system.
V. CONCLUSION
We have studied the electronic transport in disordered
three-dimensional Weyl electron system using the self-
consistent Born approximation. The scattering strength
is characterized by the dimensionless parameterW deter-
mined by the scattering amplitude, and the conductivity
significantly changes its behavior at the certain scatter-
ing strength Wc ≃ 1.806. In the weak disorder regime
(W < Wc), the SCBA conductivity off the Weyl point
mostly agrees with the Boltzmann conductivity which is
proportional to 1/W , while in the strong disorder regime
(W > Wc), the conductivity becomes larger in increas-
ing the disorder contrary to the usual metallic behavior.
The conductivity at Weyl point is not universal unlike in
2D, but highly W -dependent just in the same way as the
density of states. It is exponentially small in the weak
disorder regime, and abruptly rises when W exceeds Wc.
Throughout the paper, we assumed a single-node 3D
Weyl Hamiltonian with Gaussian impurity scatterers.
We expect that the theory applies to the Weyl semimetals
as long as different Weyl nodes are well separated in k-
space, and the disorder potential is sufficiently smooth
not to mix up the different nodes. The valley mix-
ing effect should be important when two or more Weyl
nodes are degenerate in k-space. In the 2D Weyl elec-
tron system, it was reported that the valley mixing effect
does not change the qualitative behavior of the SCBA
conductivity18, while the same problem in 3D requires a
further investigation.
The dependence of the transport property on the spe-
cific form of impurity potential u(q) is also an important
problem. In Gaussian impurities, the existence of the
critical disorder strengthWc is attributed to the fact that
the self-consistent equation Eq. (42) only allows the triv-
ial solution Γ = 0 in W < Wc, and this restriction is im-
posed by the upper limit of the integral in Eq. (43). The
existence ofWc for other long range impurities should be
9examined by an detailed SCBA calculation, while it is
roughly estimated by a similar argument. For Coulomb
impurities u(q) ∝ 1/q2, for example, the squared matrix
element u(q)2 gives an extra 1/k4 term in k-integral in
Eq. (43). Then there is no upper limit in the integral,
so that we always have non-zero solution for Γ, giving no
Wc. We expect that Wc exists in the type of impurity
such that u(q) remains finite at q = 0.
A 3DWeyl electron system in condensed matter always
has the end of the linear dispersion in high energy, and
this may affect the transport property. In this work, we
showed that the SCBA conductivity in Gaussian impuri-
ties is well described by an analytic approximation, where
u(q) is approximated by a constant and a k-space cut-off
kc. On the contrary, if we regard the end of the linear
band in a real system as a cut-off, it would be effectively
described by the present theory with an appropriate kc.
Note added. We recently became aware of recent
works28,30 which predict the rise the density of states
at the critical disorder strength in the 3D Weyl electron
system.
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